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Abstract
We study the holographically dual description of superconductor in (2 + 1)-dimensions in the
presence of inhomogeneous magnetic field and observe that there exists type I and type II super-
conductor. A new feature of type changing is observed for type I superconductor near critical
temperature.
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I. INTRODUCTION
The holographic correspondence between a gravitational theory and a quantum field
theory, first emerged under the AdS/CFT correspondence[1], has been proved useful to
study various aspects of nuclear physics such as RHIC and condensed matter phenomena,
particularly in those recent studies [2, 3, 4, 5, 6].
In the papers [7, 8], the author proposed a gravity model in which abelien symmetry of
Higgs is spontaneously broken by the existence of black hole. This mechanism was recently
used to study non-abelian gauge condensate[9] and to our interests, the model of super-
conductivity where critical temperature was observed[10]. This model was later studied
in the presence of magnetic field and critical magnetic field was also observed[11]. With
electromagnetic field fully back-reacted, the condensate was observed to be localized in one
dimension implying the Meissner effect[12].
In this note, we would like to extend our previous work[11] to the construction of gravi-
tational dual model of superconductor in the presence of inhomogeneous magnetic field.
To implement an inhomogeneous magnetic field at finite temperature, we prefer to switch
on the electromagnetic field in the GL matter sector without back reaction to the gravity
sector. This is due to the construction of non-planar RN black hole is not available so far.
We will show that with this simplified picture, it is enough to obtain the expected type I and
II superconductor as in conventional GL model but with a novel feature of type changing. At
the end, we will improve our model to compromise with the desired inhomogeneous magnetic
field by including partial back reaction.
II. THE MODEL WITH INHOMOGENEOUS MAGNETIC FIELD
Several important unconventional superconductors, such as the cuprates and organics, are
layered in structure and interesting physics can be captured by studying a (2+1) dimensional
system. We have been successful in building up a gravity model (in coupled with other matter
fields) in (3+1) dimensions which is holographically dual to the desired planar system which
develops superconductivity below critical temperature and critical magnetic field[11]. We
now start with a model composed of the gravity sector and the matter sector. The gravity
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sector is given by the AdS Schwarz-Schild black hole in AdS4[13],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2), (1)
f(r) =
r2
L2
− M
r
. (2)
Then the temperature is determined via the relation
T =
3M1/3
4piL4/3
. (3)
For the matter sector, we will use the Ginzburg-Landau (GL) action for a Maxwell field
and a charged complex scalar with m2L2 = −2, which does not back react on the metric
[8, 10],
e−1Lm = −1
4
F abFab +
2
L2
|Ψ|2 − g
2L4
|Ψ|4 − |∂Ψ− iAΨ|2. (4)
We make the following assumption for static solution: At = Φ(r), Ay = a(x), Ar = Ax = 0
as well as Ψ(r, x) = ψ(r)s(x). Then we need to solve four coupled second order differential
equations
s¨− a2s− g
L4
r2ψ2s3 = −k2s, (5)
ψ′′ + (
2
r
+
f ′
f
)ψ′ +
1
f
(
2
L2
+
Φ2
f
− k
2
r2
)ψ = 0, (6)
1
r2
(r2Φ′)′ − 2
f
(ψs)2Φ = 0, (7)
κ2a¨− 2r2(ψs)2a = 0, (8)
Here we have used the prime to denote derivative with respect to r and the dot to x. The
first two equations, derived from variation with respect to Ψ, have been obtained and solved
in [12] for g = 0; however the last two, derived from variation with respect to Aµ, cannot not
be consistently solved due to our ignorance of new degrees of freedom introduced via spatial
dependence. We will come back to this issue in the next section. Nevertheless, equation
(5) and (8) are just enough for us to study the spatial variation of order parameter s(x) in
the presence of inhomogeneous magnetic field H = κa˙(x). We first recall the asymptotic
behaviour of ψ(r) at the boundary, up to the third order:
ψ =
ψ1
r
+
ψ2
r2
+
ψ3
r3
+O(r−4). (9)
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In this note, we will only focus on the case where ψ1 6= 0 and g 6= 0. For convenience, we
may define new variables:
g˜ =
gψ2
1
L4
, κ˜ =
κ√
2ψ1
. (10)
For k2 = 1, we obtain the desired equations at r →∞:
κ˜2a¨ = s2a, (11)
−s¨+ a2s = s− g˜s3. (12)
There are two obvious solutions for constant H˜ : s = 0 for H˜ 6= 0 and s = 1/√g˜ for H˜ = 0.
We expect some nontrivial solution interpolating between these two constant values. Indeed,
it is well known that the above equations describe a type I superconductor for κ˜ ≪ 1
and type II for κ˜ ≫ 1. We plot the single vortex solution in type II superconductor in
the Figure 1. One can also expect that vortex lattice may form in the type II case with
periodic boundary condition on s(x)[14]. A new feature in this model is that κ˜ depends on
temperature implicitly in the following way: recall that near critical temperature[10],
ψ1 =
< O1 >√
2
∝ (1− T
Tc
)1/2. (13)
Therefore even for a type I superconductor with small κ˜ at T ≪ Tc, as Tc is approached it
will eventually change to type II due to arbitrary small ψ1.
III. BACK REACTION
We have learnt that both Φ(r) and a(x) take specific forms in order to be a solution
to the Reissner-Nordstro¨m black hole[13]. However, we also learn from previous discussion
that we need more general ansatz and compatible back-reacted metric in order to study
its spatial variation in presence of inhomogeneous magnetic field. One example is given by
solving equation (8) providing there is partial back reaction on the metric due to a(x) and
s(x) given by equations (11) and (12). This gives rise to correction to the metric1:
gxx = gyy = r
2(1− 2ψ2
ψ1r
+
3ψ2/ψ1 − 2ψ3
ψ1r2
+O(r−3)). (14)
1 We intend not to back react to the equation (7) since it will incur x-dependence on function f and break
planar symmetry of black hole solution. Moreover this may spoil the desired solution to the equation (6).
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FIG. 1: To the left, a vortex forms in a type II superconductor where order parameter drops to
zero at the center. To the right is the plot of magnetic field H/κ (solid curve) and order parameter
s (dotted curve) near the vortex center. It shows that magnetic flux penetrates through the center
of vortex.
We remark that with this correction, it looks better for the equation (5) because its r-
dependence drops off thanks to r2ψ(r)2 → gxxψ(r)2 = 1. However, one has to be warned
that this correction might be too naive since more correction terms from several iterations
have to be worked out in order to check the convergence of correction and to be consistent
with the fully back-reacted Einstein equation if that is desired. Nevertheless, this correction
might be still suitable for large r and slow-varying s(x).
IV. DISCUSSION
In this note, we have considered a hybrid model for AdS/CFT superconductors in the
presence of inhomogeneous magnetic field. Several comments are in order: At first, a mag-
netic field is provided in the matter sector as a probe, independent of the gravity sector.
The excuse is our lacking knowledge of non-planar black hole solution. Nevertheless this is
sufficient to observe the expected different types of superconductors. Secondly, the matter
sector has no back reaction to the gravity sector, therefore the equation of motion for total
Lagrangian is not satisfied. Although at the end we have included some naive correction
mainly contributed from spatial dependence, it might be still interesting to investigate a
fully back-reacted action which could be derived from some higher-dimensional theory such
as String theory or M-theory. Thirdly, we have relaxed the ansatz of planar symmetry in
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order to introduce an inhomogeneous magnetic field. We were able to construct the solu-
tions for both type I and II superconductors for the choice of ψ1 6= 0 and k = 1. A novel
feature for type I superconductor is the type changing near Tc. It is also interesting to study
the case with vanishing ψ1 and other k’s, but we will defer it to the future. At last, this
construction is a tractable phenomenological model of strongly coupled system which may
capture some physics of unconventional superconductors. Though we do not see fermionic
degree of freedom from this macroscopic construction, the complex scalar, serving as order-
ing parameter, seems sufficient to explain such a critical phenomenon as good as the original
GL theory. In order to pursue a microscopic model along this line of reasoning, one may
still need to understand better how to realize underlying fermionic degree of freedom in
the context of AdS/CFT correspondence, we expect that recently developed correspondence
between gravity and non-relativistic conformal theory[15, 16] may shed some light in this
direction.
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